Oscillations in quantum phase about a mean value of π, observed across micropores connecting two 3 He−B baths, are explained in a Ginzburg-Landau phenomenology. The dynamics arises from the Josephson phase relation,the interbath continuity equation, and helium boundary conditions. The pores are shown to act as Josephson tunnel junctions, and the dynamic variables are the inter bath phase difference and fractional difference in superfluid density at micropores. The system maps onto a non-rigid, momentum-shortened pendulum, with inverted-orientation oscillations about a vertical tilt angle φ = π, and other modes are predicted.
The search for Josephson-like weak-link effects in superfluids has a long history [1] [2] [3] [4] [5] [6] [7] .
In order to see Josephson-like phenomena, the characteristic length-scale of the weak-link should be comparable to the temperature-dependent coherence length ξ(T ). Thus a candidate superfluid is 3 He−B , with a relatively large zero-temperature coherence length ξ(0) ∼ 65nm [8] . In fact the oscillatory displacement of flexible membranes walling off 3 He−B baths connected by micropores, induces a Josephson-like, periodic current-phase relation [3] [4] [5] [6] [7] . Recently, Davis, Packard, and collaborators have observed a remarkable phenomenon: metastable oscillations of 3 He−B with an average phase-difference of π across the weak link [6] . The explanation of these, and other complex tunneling oscillations is of considerable general interest, since they provide examples of novel macroscopic quantum effects.
Bose-Einstein condensate (BEC) tunneling of neutral atoms between double-well traps has been predicted [9] to support π-state oscillations, and other modes. The coupling between the N 1,2 condensate atoms in wells 1,2, with phase difference φ is − √ N 1 N 2 cosφ ∼ −(1−z 2 ) 1/2 cosφ where z = (N 1 −N 2 )/(N 1 +N 2 ) is the fractional population imbalance. The coupling energy corresponds to [10] a non-rigid pendulum [9, 11] of tilt angle φ, momentum p φ = z and length (1 − p φ 2 ) 1/2 . The non-rigid pendulum is shortest when moving fastest, and can thus support inverted-orientation oscillations about φ = π (concave downwards).
The BEC mapping onto a non-rigid pendulum dynamics is the generic consequence of wave function phase factors and the two-state nature of the tunneling: properties that it shares with the 3 He−B system. However,the BEC dynamics cannot be naively taken over [12] :
features of the constrained helium wavefunction in a pore geometry, must play a role.
In this Letter we show that the helium wave function boundary conditions in a pore geometry, in conjunction with the Josephson phase relation and the continuity equation, determine the 3 He−B tunneling dynamics, that is indeed similar to non-rigid pendulum dynamics, but with a (momentum-dependent) torsion-bar [13] due to hydrodynamic flows outside the pore [4] . Thus dynamical π-states of temperature-dependent frequency can occur, with a rich variety of other modes.
The wavefunction is depressed by the boundary conditions (bc ) inside, and just outside a pore length, that is shown to act as a tunneling barrier, for sufficiently narrow pores.
Displacements of the flexible membrane wall are proportional to a fractional shift z of the depressed wavefunction, that acts as an oscillating 'Josephson piston': it conveys pairs through the tunneling region at a rate (∼ż) determined by the (sine of) the phase difference φ J across the pore. We now derive the (quasiequilibrium) 3 He−B dynamics.
Free Energy: The 3 He−B order parameter [8] can be written as Φ µ,i ( r) = Ψ( r)B µ,i ( n( r)),where Ψ( r) = |Ψ( r)|e iφ( r) and |Ψ( r)| is proportional to the gap, varying on a coherence length ξ(T ). Here B( n( r)) is a tensorial factor,with ' n( r)' representing axis rotations,varying over a textural healing length l tex , ≥ 5µm [8] .The Ginzburg-Landau (GL) free energy is a scalar, with traces over the tensorial products:
Unlike the superconductor bc of vanishing normal gradients of the gap, we must use here 'helium' bc , with the order parameter vanishing at the walls, Φ µ,i ( r) → 0 . This bc , supported by experiment, has been used elsewhere [14] ,and is particularly relevant in the system regime [5] [6] [7] of pore scales ∼ ξ, ≪ l tex . The bc is enforced by Ψ → 0 over length scales ∼ ξ, and the contributions to F grad from |∇Ψ| contributions will dominate those from |∇B| ∼ |∇n| [15] . The n( r) textural variables can be set equal to their fixed,bath value, [8] . Thus F grad → F grad ({∇Ψ(r)}), and the effective free energy describing the pore region is
where a, b, m * are GL coefficients (constants in space and time) absorbing tensorial-factor traces of order unity; and ǫ = (T /T c − 1), where T c is the transition temperature.
The experimental geometry [5] is a superfluid of total mass density ρ in a pillbox of cross-section A, and length L, To obtain an effectively 1D model, we average over the transverse cross-section of the system, and scale in the equilibrium wave function |Ψ 0 | =(a|ǫ|/b) 1/2 where the effective superfluid mass density is ρ s (T ) = m
, the free energy from Eq. (1) is:
where the energy density is 
) across the junction,the (dimensionless) pore wavefunctions are in a form [4] generalized to
where coefficients a ± here match on to bath wave functions, rather than plane waves [4] .
Substitution into Eq. (2) yields a leading-order, |x| ≤ L J /2 contribution Cooper pairs [12] .
Clearly, the incremental number change dn 1,2 in each bath will be the number density at the interface times the incremental shift dη. The change in tunneling population dn = 
. Assuming no normal fluid flows through the narrow pores, and with superfluid mass-current density [J x (x)] = ρ sh m * Im(ψ ⋆ ∂ψ/∂x), Eq.(3) yields:
where H and K J are defined below.The physical picture is of phases at N J pore openings in each bath locked together,and with a common difference between baths,so that the 4000
Josephson pistons vibrate in unison.
Phase Equation:
The Josephson relation for φ = φ 2 − φ 1 , the total interbath phase difference, isφ = ∆µ/h and the chemical potential difference from the tunneling transfer of n atoms will contribute as ∆µ ≃ −∂F J /∂n.(The bulk contributions from the incompressible, constant-density fluid in the baths, clearly cancel out of the difference ∆µ.) Work done by a fixed [7] external pressure P ext , and by the Josephson piston, pushing against the membrane, of spring constant C, can also be included [16] . Thus
where Note that φ and z are not canonically conjugate,as φ = φ J due to hydrodynamic effects [4] . The hydrodynamic bath-pore superflow
by a phase gradient φ h /L h over a hydrodynamic length L h in each bath. (Here A h /A J0 is a bath-pore 'transmission probability'). The same current I = I J √ 1 − z 2 sin φ J , tunnels through the pore, where the Josephson critical (mass) current is
With total phase change φ = 2φ h + φ J , we have a nonlinear relation [4] generalized to φ = φ(φ J , z):
where α ≡ (2
. This corresponds to a torsion-bar as in the inductive SJJ case [10, 13] , but now,momentum-dependent.
The temperature-dependence of Λ(T ) is essentially that of f (T ). Experimentally,the critical current goes as ∼ (1 − T /T ca ) 2 , appearing to vanish before transition, at a T ca = 0.91T c [6] . Since
used.Or, f (T ) could be attributed to thermal phase fluctuations [17] .We estimate it, in this picture [18] .
Eq. (5,6,7) constitute the model equations for the 3 He−B system, in terms of the mutually linked dynamics of the fractional Josephson piston shift η/δ ≡ z/2 and the phase difference φ J across it. They can be solved in terms of elliptic functions [16] just as in the α = 0 'BEC-like' case [9] .They correspond to a non-rigid pendulum of tilt angle φ J ,and angular momentum z,with a momentum-dependent torsion bar. The torsion-bar [13] induces hysteretic effects for α ≥ 1.We focus on α < 1 where the modes are essentially as for α = 0 , with the equations predicting five distinct undriven modes (instead of the two of the rigid pendulum). The modes can be visualized by plotting [11] the locus of the pendulum
. With a dc drive P ext there is an ac Josephson oscillation at a frequency ω ac = 2m 3 P ext /ρh; with added resonant ac drives, there are
Shapiro-like dc current spikes [9, 16] . 'Zero-state' oscillations of the pendulum can occur, with time averaged φ = 0 = z .The pendulum, once excited, can rotate freely, with a running phase, and a 'self-trapped' piston-shift/membrane-displacement ∼ z = 0.
Since the non-rigid pendulum is shortest, when moving fastest,it can execute small 'inverted' oscillations about an average value of φ = π. These Λ < ∼ 1, 'π-state oscilla-tions', with z = 0, and are dynamically metastable, with the momentum-shortened pendulum 'digging a well for itself' by its motion. Finally, there are two types of Λ > 1, 'π-state rotations' with self-trapped z = 0 and φ = π,(on either side of a fixed point
.These correspond to the non-rigid pendulum executing closed-loop trajectories,floating above the point of support [9, 11] . Damping of π-state oscillations through the non-rigid pendulum velocityφ , or the momentum z, behave quite differently.
While the former [11] drives the system to rest at φ J = 0, the latter [16] damps it to φ J = π.
We use values π states have been related to a static metastable minimum induced by spin-textures in the baths [20] . This could dress our dynamic π states from oscillations of the density depression at pores, producing fine structure in the oscillation modes. In fact, bistability between two types of π oscillations has been reported [21] .
In conclusion, we have modelled the dynamics of 
